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We designed a spacecraft control law for autonomous formation acquisition and formation keeping. This control

law extends the ideas on flight formation for flocks first introduced by Cucker and Smale [Cucker, F., and Smale, S.,

“Emergent Behavior in Flocks,” IEEE Transactions on Automatic Control, Vol. 52, 2007, pp. 852–862] by also

allowing for particle accelerations, thus incorporating dynamics. When this control law is applied to a

multispacecraft system, the resulting formation orbits as a rigid body driven by the natural dynamics of the centroid

of the formation. We applied this law to the transfer orbit of a set of spacecraft that, in loose formation, follows a

natural trajectory to a libration point orbit, as it is suggested for theDarwinmission.Weused two standardmetrics to

evaluate the performance of this control law: the maximum variation in interspacecraft distance and the integral of

the motor thrusts necessary to maintain the formation, or fuel expenditure. For the Darwin case study, the new

control law outperforms the zero relative radial acceleration cone control. In particular, we find that the minimum

fuel expenditure of the new control law can be 4 orders of magnitude less than the fuel expenditure of zero relative

radial acceleration cone control.

I. Introduction

D ESIGNING control laws for interacting particle systems is a
growing field with applications ranging from spacecraft

formation-flyingmissions [1] to animation simulations in the cartoon
industry [2], languagemodeling [3], biology [4], andmany others. In
the context of formation-flying missions, many controls have been
designed to modify the natural relative dynamics and reach a wide
diversity of goals: formation deployment, formation acquisition,
formation keeping, reorientation, collision avoidance, etc. Most of
the authors probably define controls based on the characteristics of
the state transitionmatrix over the reference trajectory, which gives a
natural insight into the movement physics. Although some authors
directly use this matrix or the characteristics of its eigenstructure
within the controller using ad hoc pole-placement techniques [5–7],
others consider optimum control techniques such as the model
predictive control [8] and the linear quadratic regulator [9] to
minimize a cost function. The potential functions have also been an
interesting and elegant tool used by many scientists (e.g., [10,11]) to
account for additional mission requirements such as collision
avoidance. Less common control strategies can make use of some
special manifolds defined by the state transition matrix to define the
control [12]. In the interplanetary environment in which the

dynamics of the spacecraft are not relevant (i.e., far from planets and
libration points), some authors (e.g., [13]) consider free-space
dynamics to study basic maneuvers of reorientation, dilatation/
contraction, etc. The novelty of the present paper is the extension of a
control law that has shown emergent behavior in biology to the
spacecraft realm by allowing for the natural relative accelerations.

Of particular interest to this study, Vicsek et al. [14] introduced a
simple model of dynamics for a system of particles with biologically
motivated interactions. That model assumes that all particles move at
the same absolute constant velocity, but their individual headings are
driven by the average motion direction of neighboring particles. For
this system, they could demonstrate the emergence of self-ordered
motion for a range of values of themodel parameters. Building on the
work of Vicsek et al., Cucker and Smale [3] proposed a model of
particle system interactions for which the velocities are fully
governed by a distance-decaying law, instead of neighboring
interaction law, and they also provided explicit characterization of
the sufficient conditions for the system to converge to a common
velocity. Shen [15] extended this model to the case of a flock with
hierarchical leadership and considered the scenario in which the
flock leader may have a freewill acceleration that tends to zero with
time. The main goal of the present paper is to extend the Cucker and
Smale [3] control law algorithm to a system inwhich all particlesmay
have a nonzero acceleration. This extension makes the algorithm
suitable for autonomous control of a formation of satellites for which
the orbits are driven by the dynamics of the environment in space
around any reference trajectory.

In this paper, we will focus our interest in formation flying in an
interplanetary environment. More explicitly, we are interested in the
application of our control law to missions such as Darwin and
Terrestrial Planet Finder, which will move close to the collinear
libration point L2 of the sun–(Earth and moon) system. For this
purpose, we will use the dynamic model of motion given by the
equations of the circular restricted three-body problem (RTBP).

In Sec. II, we summarize the results in [3] that are relevant to this
study. In Sec. III, we introduce an extension of the Cucker–Smale
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control law, provide theoretical demonstration for the convergence
of the resulting particle system to a formation for which the elements
move as a rigid body (i.e., a system for which the particles maintain
constant relative distances), and discuss some of the relevant aspects
of this control law to highlight its potentials. In Sec. IV, we apply the
new algorithm to a spacecraft flight formation, the Darwin mission
[16], currently under definition by ESA, and compare results with
those obtained with a control law known as zero relative radial
acceleration cones (ZRRAC) control developed byGómez et al. [12].

II. Cucker–Smale Model

TheCucker–Smalemodel [3]wasmotivated by the idea that a bird
flying in a flock adjusts its velocity toward the average velocity of the
flock. To do so, each bird modifies its velocity with a weighted
combination of the relative velocities of the rest of birds. Theweights
are computed as a function of the relative distance, which somehow
takes into account the notion that the larger the distance, the lower the
accuracy of the relative velocity estimate. Hence, though the
neighborhood of each bird is the full space, the influence between
birds will tend to zero as the mutual distance increases.

Denoting xi�t� and vi�t� as the position and velocity, respectively,
of the ith bird of the flock at epoch t, the interaction model is

xi�t� 1� � xi�t� � vi�t�;

vi�t� 1� � vi�t� �
Xk
j�1

aij�vj�t� � vi�t��
(1)

where i� 1; . . . ; k, and k is the number of birds in the flock.Without
loss of generality, it can be assumed that t 2 N and the time span
between consecutive velocity updates is �t� 1 time unit [3]. The
weighting function aij is defined in [3] as

aij �
K

��2 � kxi�t� � xj�t�k2��
� 0 (2)

where K > 0, � > 0, and � � 0 are a given set of constants.
Let x� �x1; x2; . . . ; xk�T 2 R3k and v� �v1; v2; . . . ; vk�T 2 R3k

be the vectors of positions and velocities, respectively, of the birds in
the flock, and letAx � �aij� be theRk�kmatrix, whichwewill refer to
as the adjacency matrix, with components defined by Eq. (2). Let
Dx 2 Rk�k be the diagonal matrix with

dii �
Xk
j�1

aij

It is easy to check that Eq. (1) can now be written in terms of the
Laplacian Lx �Dx � Ax as

x�t� 1� � x�t� � v�t�; v�t� 1� � v�t� � �Lxv�t� (3)

where we identified Lx with the 3k � 3kmatrix Lx � I3, where I3 is
the identity matrix of dimension 3 and � denotes the Kronecker
product. If A is an m � n matrix and B is a p � q matrix, then the
Kronecker product A� B is the mp � nq block matrix:

A� B�
a11B 	 	 	 a1nB

..

. . .
. ..

.

am1B 	 	 	 amnB

2
64

3
75

To develop a spacecraft control law, we are specially interested in
the continuous version of this model:

_x� v; _v��Lxv (4)

where Lx is as before, and we dropped the time variable t 2 R for
readability. A remarkable property of the control term u��Lxv is
that it does not affect the common velocity; that is, if all birds have the
same velocity w 2 R3, then v 2 R3k is the k replica of the vector w,
and Lxv� 0. This property will be the key point to define an
extension suitable for spacecraft formation flight. For convenience,

we will call the continuous system defined by Eq. (4) the Cucker–
Smale (C–S) model, which we will use to define a control law for
spacecraft formations.

The next theorem is due to Cucker and Smale [3] and characterizes
the convergence of the interactionmodel described in Eq. (4) in terms
of the initial conditions and control configuration parameters K, �,
and �.

Theorem by Cucker and Smale [3]. Let �x�t�; v�t�� 2 R3k 
 R3k

be a solution of the system (4) with initial conditions x�0� � x0 and
v�0� � v0. Let

�0 �
1

2

Xk
i;j�1
kxi�0� � xj�0�k2

and

�0 �
1

2

Xk
i;j�1
kvi�0� � vj�0�k2

which are half of the square sum of the relative distances and
velocities, respectively. If any of the following conditions regarding
theweighting function and the initial relative distances and velocities
are satisfied, � < 1

2
, �� 1

2
and �0 < �kK�2=8, or � > 1

2
and

��
1

2�

� 1
2��1
�
�
1

2�

� 2�
2��1
��
�kK�2
8�0

� 1
2��1

> 2�0 � �2

thenwhen t!1, the velocities vi�t� tend to a common limit v̂ 2 R3

and the vectors xi � xj tend to a limit vector x̂ij, for all i; j � k:

��t� � O�e�Bt�; ��t� � O�e�Bt�

for certain B > 0.
The flock will converge to a common velocity and fly as a

formation when the rate of decrease of the weights aij as the distance
decreases is sufficiently slow to allow for the relative velocities to
cancel. Thus, if � is less than 1

2
, the relative velocities will decrease

fast enough to be cancelled, regardless of the initial relative distances
and velocities between elements of the flock. For larger � values, the
initial relative positions, relative velocities, and weighting function
parameters (K, �, and �) must satisfy some initial conditions,
otherwise, the flock may split into several smaller flocks.

As shown in [15], this result can be easily extended to different
definitions of the weighting functions aij as long as the weights
remain bounded:

aij �
K

��2 � kxi � xjk2��

for certain K > 0, � > 0, and � � 0.
Remark. Some minor differences can be found in the formulation

of theorem as presented here with respect to the formulation in [3].
This is due to some additional properties of the inner productQ�u; v�
that are not discussed in [3]. With the notation used in that paper, the
inner product Q�u; v� can be written as uTQv, where Q is the
following matrix:

Q� 1

2

k � 1 �1 �1 	 	 	
�1 k � 1 �1 	 	 	
�1 �1 k � 1 	 	 	
..
. ..

. ..
.

0
BB@

1
CCA� I3

Using this representation for the inner product, it is straightforward to
demonstrate that the parameters � and �v appearing in the convergence
theorem in [3] are equal to k=2: that is, �� �v� k=2.

III. Extension of the Cucker–Smale Model to
Flight Formations

In this section, wewill demonstrate that based on the C–Smodel, a
control law for a satellite flight formation can be defined. Moreover,
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under the same conditions as those of the Theorem by Cucker and
Smale [3], it can be guaranteed that the formationwill tend tomove as
a rigid body following the dynamics of its geometric center.

A. Definition of the New Control Law

Consider a set of k satellites that we would like to keep in
formation. Let xi�t� and vi�t� (for i� 1; 2; . . . ; k) be the positions
and velocities of each satellite in a given reference frame and define,
as before,

x� �x1; x2; . . . ; xk�T 2 R3k; v� �v1; v2; . . . ; vk�T 2 R3k

We will denote xB�t� and vB�t� as the position and velocity of the
geometric center, respectively; that is,

xB �
1

k

Xk
i�1

xi; vB �
1

k

Xk
i�1

vi

For any force function f�x; v� and control function u�x; v�, we can
consider the dynamics of the fleet as

_x� v; _v� f�x; v� � u�x; v�

If we define the extension of the Cucker–Smale control law as

u�x; v� � �Lxv� f�xB; vB� � f�x; v� (5)

the system reduces to

_x� v; _v��Lxv� f�xB; vB� (6)

where Lx is the Laplacian of the adjacency matrix Ax. In this
definition, xB and vB stand for the k replicas, respectively,

�xB; . . . ; xB�T 2 R3k; �vB; . . . ; vB�T 2 R3k

We will prove that by using this control law, the formation will
tend to move as a rigid body following the dynamics of the centroid.
Consider the following decomposition of the position and velocity
vectors:

x� xB ��x; v� vB ��v

Then

d

dt
�xB ��x� � _x� v� vB ��v

Because Lx�vB; . . . ; vB�T � 0,

d

dt
�vB ��v� � _v��Lxv� f�xB; vB� � �Lx�v� f�xB; vB�

This system is equivalent to the union of the following two
independent systems:

�
_xB � vB
_vB � f�xB; vB�

(7)

and

� d
dt
��x� ��v

d
dt
��v� � �Lx�v

(8)

By analogy between systems (4) and (8), the Theorem by Cucker
and Smale [3] gives sufficient conditions for the system described by
the latter to achieve full cancellation of the relative velocities and
converge to aflight formation. Unlike Eq. (4), the velocities in Eq. (8)
are relative to the velocity vB of the geometric centroid of the
formation. The orbit of the formation centroid, described by Eq. (7),
remains effectively decoupled from the performance of the Cucker–
Smale control law.

B. Parallel Computation of the New Control Law

A desirable feature of the C–S model is that it does not require
intervehicle communications for the computation of the control
function u under a certain set of hypotheses on the availability of
navigation information. Notice that depending on the navigation
system, communications may be required to make navigation
information available to individual spacecraft. However, the
intervehicle communications necessary for navigation are strongly
dependent on the navigation system (sensors and estimator
algorithm), and therefore they are outside the scope of this study. The
computation of the control maneuvers u necessary to keep the
formation entails the computation of two terms:Lxv and f�xB; vB� �
f�x; v� [see Eq. (5)]. In this section,we discusswhen and howeach of
these two terms can be computed in parallel.

The acceleration necessary to keep satellite i in formation is

ui ���Lxv�i � f�xB; vB� � f�xi; vi�

If w is a k replica of vi, then Lxw� 0 and

�Lxv�i � �Lxv � Lxw�i �
Xk
j�1

lij�vj�t� � vi�t�� (9)

Thus, the computation of the first term in the control function u does
not require the knowledge of absolute positions or velocities, but
relative distances between satellites i and j for the computation of lij
and relative velocities vi � vj. This allows full distribution of the
computational load of the first term among all satellites as long as
each satellite knows its relative distance and velocity with respect to
the rest.

Regarding the computation of the acceleration of satellite i relative
to the geometric center f�xB; vB� � f�xi; vi�, we will first assume
that each satellite knows its acceleration relative to all other satellites.
Under this assumption, it is trivial to see that if one of the satellites of
the constellation follows the trajectory of the geometric center
(xb � xB and vb � vB for b 2 f1; 2; . . . ; kg), satellite i can
autonomously compute the required acceleration ui. If no satellite
is located at the geometric center of the formation, satellite i can still
estimate the acceleration with respect to xB bymeasuring the relative
accelerations with respect to any other satellite in the formation and
can interpolate the relative acceleration function to xB. Of course, the
accuracy of the interpolation will depend on the number of satellites
k, the geometry of the formation (with respect to satellite i), and the
interpolationmethod.Depending on the selection of the interpolation
method, the load associated with the computation of f�xB; vB� �
f�xi; vi�may be much larger than the computational load required to
cancel the relative velocities [i.e., Eq. (9)].

Should the relative accelerations between spacecraft not be part of
the navigation data that are made available for control purposes, a
linear approximation could be used instead: that is,

f�xi; vi� � f�xj; vj� �Dxf�xB; vB� 	 �xi � xj�
�Dvf�xB; vB� 	 �vi � vj� (10)

where D denotes the derivative operator. This approximation is
extremely common in the literature of relative dynamics (e.g., [7])
and reduces the need for information on relative accelerations to the
simpler need of relative positions and velocities, which could be
derived as a byproduct of standard navigation systems. The
performance of this approximation will obviously depend on the
nonlinear terms of f and on the relative distance between spacecraft,
which can be assessed using a reference trajectory and a nominal
intervehicle distance.

C. Some Considerations Regarding Implementation to

Space Missions

Unfortunately, two of the assumptions implied by the extension of
the C–S model formulated in Sec. III.A [namely, exercising a
continuous control and continuous availability of relative data
(distance, velocity, and acceleration) from other elements in the
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formation] may not be feasible for a real space mission. A practical
solution to overcome these difficulties is to discretize the continuous
control, which we consider now.

Let ti�1 and ti be the instants of two consecutive maneuvers and

�n � fti�1 � ti;0; ti;1; . . . ; ti;n � tig

a partition of the interval 
ti�1–ti�, where, for each time epoch ti;j,
each satellite can measure relative positions, velocities, and
accelerations. Let�ti�1;j � ti;j � ti;j�1 be the time span between two
consecutive estimates of acceleration. We consider the following
approximation for an instant maneuver �ui at ti:

�ui �
Z
ti

ti�1

u�t�dt�
Xn
j�1

u�ti;j��ti;j (11)

This approximationwill obviously have an impact on the variation of
the intervehicle distances. As an example, if n� 1, this variation is
commensurate with the error of a first-order ordinary differential
equation integrator. The error could then be regulated to a certain
extent by a step-size control, as in any integrator routine with step-
size control. If ~x�ti� is the solution of system (6) and x̂ is the result of
using Eq. (11)with boundary conditions at ti�1 equal to xi�1 and vi�1,
the difference between the continuous implementation of the control
law and its discretized approximation ~x�ti� � x̂�ti� could be used as
an indicator of the goodness of the value �tm � ti � ti�1.

However, an optimal �tm depends on the state vector of the
vehicles and on the control configuration parameters K, �, and �.
During the evaluation of this control, we found that the optimal�tm
tends to zero for large configuration values (even if the convergence
is guaranteed by the Theorem byCucker and Smale [3]) and large�v
values at t� 0. As introduced earlier, a step-size control could be
implemented to use an appropriate�tm value, but a realistic onboard
implementation will require fixing a minimum value, which can
make the approximation in Eq. (11) unsuitable. The larger the �tm
value comparedwith the optimum, theworse the performances of the
algorithm. We will consider that this approximation has completely
disrupted the performances of the algorithm when the final
separation among spacecraft is larger than when no control is
applied. An example of this behavior can be found in the simulations
presented in Sec. IV.C, in which the performances of the algorithm
are disrupted because of the discrete approximation in the
computation of �ui. For this reason, we recommend validating the
suitability of large K, �, and � values for each specific mission with
simulations, even if the convergence is guaranteed by the Theorem
by Cucker and Smale [3].

Space mission thrusters impose some additional limitations, such
as maximum and minimum �u thresholds, that also warrant some
consideration.When themagnitude of the required�ui is lower than
allowed by mission specifications, the maneuver can be postponed
and the algorithm will continue accumulating unperformed
maneuvers until the magnitude of the �uj (j > i) exceeds the
minimum threshold and can be executed. On the other hand, if the
�ui is larger than is feasible, a maximum maneuver can be
performed and the remaining amount of�ui will be accumulated for
the subsequent maneuver.

The C–S control has been designed as a stabilization law (i.e., to
cancel intervehicle velocities and accelerations), but variations of the
intervehicle distances may exist due to the convergence process and
the approximations described in this section. For a realmission, these
variations might violate specific requirements such as maximum/
minimum intervehicle separations. To avoid this, the C–S control
law could be combined with other appropriate strategies (e.g.,
collision avoidance) to meet those mission specifications.

IV. Application of the C–S Model to the Transfer
Orbit of Darwin

A. Darwin Space Mission

To evaluate the Cucker–Smale control law under a realistic
scenario, we performed numerical simulations for one of the mission
phases of Darwin, an ESA space mission aimed at scanning the

nearby universe for signs of life in Earth-like planets. Darwin will
consist of several spacecraft, one of them serving as the communi-
cations hub and the rest operating as telescopes. The fleet should
reach a halo orbit around the libration point L2 of the sun–Earth
system after its launch, which is scheduled for 2015. The mission
planning for the transfer from Earth to the halo orbit is still under
discussion, with several possibilities under consideration. One
favorable option would deploy a fleet of three satellites at the
beginning of the transfer. The fleet would then follow an orbit of the
stable manifold of the target halo orbit. During the transfer orbit,
spacecraft are expected to keep a loose formation (i.e., the relative
position and velocity requirements are rather relaxed).

We thus considered a fleet of three spacecraft flying in loose
formation along the transfer orbit. To specify the orbits of the fleet,
we used two sets of parameters: 1) those that define a reference orbit
that is to be followed by one of the spacecraft and 2) the relative
distances between the satellite at the reference orbit and the two
remaining spacecraft. For convenience, we will refer to the former as
the reference satellite and to the latter as outer satellites. As the
reference orbit, we selected the transfer trajectory from the Earth to a
halo orbit of moderate amplitude (�150; 000 km) around the
equilibrium point L2 of the sun–(Earth and moon) system. The
transfer trajectory is taken in the branch of the stable manifold of the
halo orbit that approaches the Earth. Figure 1 shows the transfer orbit
as a function of time in the usual synodical reference system and units
(see [17]). For the definition of this reference system,we assumed the
large primary on the positive X axis and considered the mass
parameter �� 0:3040357143 � 10�5. The initial state vector is
included in Table 1. The transfer orbit, which spans 230 days, was
integrated using the RTBP equations with an adaptive Runge–Kutta
integrator of orders 4 and 5. The local error bounds for the Runge–
Kutta integrator are 0.1% relative to the state vector and 10�6 in
absolute magnitude.

B. Description of the Experimental Configuration

We performed an extensive set of numerical simulations to
evaluate the performance of the new C–S control law defined in
Eq. (5) for the study case of the transfer trajectory of the Darwin
mission. We considered simulations that explored the impact on
performance of a large set of key configuration parameters of both the
model and the mission scenario. Parameters K, �, and � are specific
to theC–Smodel [seeEq. (2)]. On the other hand, parametersdi,�,�,
�v0, Tt, N, Tm, NavSet, �R, umin, and umax are specific to the final
scenario for the Darwin mission and are defined as follows:

1) The initial distance between the reference satellite and the outer
satellites is di (i� 1, 2), and it is realistic to assume that for this
mission option, d1 � d2.

2) The initial orientation of the fleet is defined by � and �. The
physical meaning of these parameters will be introduced
subsequently, when the control based on ZRRAC is introduced
(see Sec. IV.D).

3) The initial relative speed between the reference satellite and the
outer satellites is k�v0k.

4) The time interval between two consecutive control maneuvers
isTt. A new controlmaneuver can be started once everyTt time units.
Each control maneuver, in turn, consists ofN correction maneuvers.

5) The number of correction maneuvers associated with one
control maneuver is N. In our simulations, all the correction
maneuvers are executed at equal time intervals and are completed in
Tm time (discussed subsequently), though a modification of this
would be straightforward, but was not deemed to be necessary.

6) The time duration necessary for the completion of all N
correction maneuvers associated with one control maneuver is Tm.
By definition, Tm � Tt.

7) NavSet flags the availability (or lack thereof) of relative
acceleration data in the navigation data set. In these simulations, we
also considered several levels of random noise in the navigation data
set. When only relative positions and velocities are available to the
controller, an additional parameter �R is then to be specified, which
indicates the noise level in the navigation data. Thus, we consider the
impact of the approximation

PEREA, GÓMEZ, AND ELOSEGUI 529



f�xi; vi� � f�xj; vj� �Df�xB� 	 �xi � xj� � w

where

w� N
�
0;

�R 	 I3 03
03 0:01 	 �R 	 I3

� ��

that is, the noise of the relative positions is a zero-mean Gaussian
variable with standard deviation �R, and the noise in the relative
velocities is assumed to be 1% of �R. A �R � 0 indicates noiseless
simulations.

8) The limitations imposed by the spacecraft thrusting system are
umin and umax (i.e., the minimum and maximummagnitude tolerated
for thruster acceleration, respectively).

Each simulation covered the 230 days necessary to travel the
length of the transfer orbit (Fig. 1).We performed a set of simulations
for each one of the parameters defined earlier. In each set of
simulations, all the parameters except one were kept fixed. This test
parameter was changed to within a predetermined range from
simulation to simulation, during which its value was kept fixed. We
then used two standard metrics to evaluate the performance of the
application of the new C–S control law to the Darwin mission,
max��d� and total �v, defined as follows:

1) The maximum variation of the intersatellite distances is
max��d�; that is, if di�t� is the distance between the reference
satellite and one outer satellite at time t, the maximum variation at all
times is max tjdi�t� � di�0�j for i� 1; 2.

2) The integral of the accelerations required to keep the flight
formation is total �v�

R
udt; that is,

Z
ju�x; v�jdt�

X
i

j�uij

where�ui are the instantaneous correctionmaneuvers. Thismetric is
sometimes referred to as both the cost and the fuel expenditure in the
literature. We will use these two terms interchangeably.

To maintain consistency throughout the simulations and to
facilitate the interpretation of the results, we defined a baseline
scenario and modified the value of only one parameter from one test
to the next whenever possible. There are cases in which it was
necessary to change more than one parameter at a time: for example,
in the case of parametersK, �, and �. Thus, k�v0kwas set to a fixed,
and significantly large, value in the tests involving the three
parameters to test the performances of the term Lxv under a
nonfavorable scenario. But we assumed that k�v0k � 0 for the rest
of tests to decouple the effect of �v0 and the parameter under
experimentation and to consequently ease the interpretation of the
results of each test separately. To allow direct comparison of the C–S
results with the results presented in [18] using the ZRRAC strategy,
we introduced other minor differences with respect to the baseline
scenario to the tracking time Tt, number of maneuvers N, and
maneuver time Tm.

C. Example of a Representative Set of Numerical Simulations

In this section, we present a set of numerical simulations for the
case in which the value of themodel parameter� changes but the rest
of parameters remain unchanged. Each simulation in this set will use
a different value of �, ranging from 0 to 2. We selected these
simulations to exemplify performance because the emergence of
cooperative behavior in the C–S model critically depends on the
value of this particular parameter [3]. For conciseness, we will focus
on this simulation set herein and an additional simulation that
involves a comparison to an independent control model in the next
section, and we will defer the presentation of the simulations for all
the other parameters tested to Appendix A. For completeness, we
will summarize themain results from all simulations, including those
in Appendix A, in the last section.

Table 2 lists the choice of parameter values used in this set of
simulations, the results of which are shown in Fig. 2. This figure
shows, as a function of �, the variation of the two metrics used to
evaluate performance:max��d� and total�v. The overall character
of both metrics is similar, initially decreasing their value from �� 0
to a minimum at �� 0:4, then gradually increasing throughout
�� 1 and plateauing thereafter.

At first glance, the decreasing character of both metrics for �
values smaller than 0.4 may seem somewhat surprising. However,

Fig. 1 Three- (top) and two-dimensional (bottom) representation of the reference orbit of the transfer trajectory of the Darwin fleet to an L2 halo orbit.

All axes are in astronomical units. Time interval of 50 days are marked by crosses. The orbit direction goes from right to left in the all representations

except in the Y–Z representation, in which it goes from the center of the graph to the edge. Note the scale change in the Z axis.

Table 1 Initial state vector of the transfer

orbit in RTBP adimensional coordinates

State vector AU

x0 �1:00174076
y0 0:00005287
z0 0:00003747
_x0 �0:05015739
_y0 �0:01136307
_z0 0:00399552
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although the Theorem by Cucker and Smale [3] guarantees
convergence of the spacecraft velocities exponentially on time, the
coefficient B of the exponential term in the Theorem by Cucker and
Smale [3] may also be small for � values close to 0, thus slowing
down the convergence. Accordingly, inspection of Eq. (2) reveals
that for �2 � 1 and jjxi � xjjj2 � 1, the smaller the � value, the
smaller the weighting terms aij, which thus translates into a slower
convergence. Notice that the previous condition jjxi � xjjj2 � 1
holds during the entire transfer orbit when using astronomical units.
This means that the usage of the control law (5) with these
configuration values effectively cancels the relative accelerations
f�xB; vB� � f�x; v� but slightly affects the initial relative velocity,
which results in a constant increase of the relative positions x � xB
(�3 � 105 m over 230 days). Regarding the total�v associated with
this range of configuration values, it seems reasonable that the more
the intervehicle separation increases as a function of time, the larger
the maneuvers would have to be. Therefore, it seems logical that the
� value that minimizes the intervehicle distance variation coincides,
at least in first approximation, with the � value that minimizes the
total �v.

For � values larger than 0.5, the third condition in the Theorem by
Cucker and Smale [3] still holds, however, the weights aij decrease
too rapidly as a function of the intervehicle distances jjxi � xjjj,
requiring�tm (Tm=N in these simulations) to tend to 0 as� increases.
Therefore, the discrete computation of instantaneous control
accelerations becomes inappropriate for large � values and disrupts
the performances of the control strategy. Excessive discrete
maneuvers are constantly applied, leading to an intervehicle
separation larger than before each maneuver. For � � 0:8, the
maximum separation is even larger than 108 m, which is the
maximum separation among satellites after the 230 days of free flight
over the transfer orbit. Accordingly, the associated total �v is
exaggeratedly large:

� 1015 m=230 days� 5:03 � 106 m=s

D. Performance Comparison of Two Independent Control

Law Models

For comparison purposes, we also present a set of simulations for
theDarwinmission performedwith two independent controlmodels:
C–S and the model by Gómez et al. [12]. The authors developed a
control law model based on ZRRAC and applied it to the Darwin
flight formation problem. They showed that there is a cone of zero
relative radial acceleration for each point along the Darwin transfer

trajectory. This control law is thus based on positioning the reference
satellite on the trajectory of the Darwin transfer orbit, as was the case
for the implementation of the precedingC–Smodel and the two outer
spacecraft on these cones, in which the relative radial acceleration
vanishes. Because these cones are not invariant by the natural
dynamics in space, a control is necessary to bring the satellites back
to the cones. Any point on the cone can be defined by the angle � of
the generatrix in which it lies and a distance d to the vertex of the
cone, which can be positive or negative. The merit of the ZRRAC
strategy is that as time evolves, the three spacecraft remain aligned on
the generatrix of angle � and their mutual distances remain constant.
The additional parameter � previously introduced in the definition of
the configurations is the initial angle between the relative position of
the outer spacecraft and the axis of the ZRRAC. If the spacecraft is
initially on a ZRRAC, �� 35:23 deg.

To compare the performances between both controls, we selected
the simulations corresponding to the parameter Tm, the time duration
for the execution of a control maneuver, and for conciseness, we
defer the rest of the simulations toAppendixA.Althoughwe selected
Tm, any common parameter could have been chosen to illustrate the
comparison of models.

The experimental configuration of these simulations coincides
with the configurations in [18] to ease the comparison of results and is
similar to those in Table 2, with a few necessary exceptions.
Parameter Tm, the focus of this set, will vary between 1 and 5 h.
Parameter Tt is increased to 6 h to accommodate the experimental
requirement that Tm � Tt. The � parameter is set to 0.3, which was
the original value for the baseline configuration, and it was a
reasonable value, close to the optimum according to the previous
simulation. Notice that the optimum set of configuration parameters
may not be the set of individual optimum values, and thus finding the
optimum set was out of the scope of this study. The goal of these tests
was not to find an optimal configuration parameter, but to address the
dependence of the performances on these parameters. Because the
goal of the ZRRAC strategy is to keep a formation, more than
acquiring a formation, k�v0kwas consequently set to 0, which is the
main configuration difference with respect to the previous test.
Notice that the variation of the k�v0k setup does not allow direct
comparison of the results presented in previous section and those
obtained for this test. The dependence of the algorithm performances
on this additional parameter will be discussed in detail in Sec. V. For
completeness, Table 2 also lists the choice of parameter values used
in this set of simulations.

Figure 3 shows that the maximum variation of intersatellite
distance maxf�dg in the C–S model is smaller than in the ZRRAC
model, except for Tm smaller than 2h. Notice that in such a case,
maxf�tmg � Tt � Tm � 4h. As could be expected from the
approximation in Eq. (11), both the intervehicle variation and the
total�v decrease as maxf�tmg � Tt � Tm � 6 � Tm decreases and
the approximation becomes more accurate. The special benefit of the
C–S control compared with the ZRRAC is total�v, which is at least
3 orders of magnitude smaller when using the C–S control. Though
the ZRRAC control law minimizes relative radial acceleration, these
cones are not invariant by the dynamics, and the total �v for the
ZRRAC strategy mostly arise from repositioning the satellites on
these cones. On the other hand, the cost of the C–S control is mainly
due to the cancellation of the relative accelerations

Z
udt�

Z
�f�xB; vB� � f�x; v��dt

Table 2 Values of the configuration parameters (brackets denote an interval of parameter values)

K � � di, m �, deg �, deg �k�v0k=vB� 	 100, % Tt, h N Tm, h NavSeta umin, m=s2 umax, m=s2

Simulations with parameter �
10�4 [0–2] 6:7 � 10�10 103 0 35.23 10�3 2 10 2

p
0 1

Simulations with parameter Tm
10�4 0.3 6:7 � 10�10 103 0 35.23 0 6 10 [1–5]

p
0 1

aThe symbol
p

indicates that relative positions, velocities, and accelerations are available.
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because �v0 � 0, which seems to be several orders of magnitude
lower than the fuel expenditure required to keep the spacecraft on
these noninvariant cones.

V. Results

Themain results of the two sets of simulations presented earlier, as
well as the simulations in Appendix A, can be summarized as
follows:

1) The combination of small K and � values with large � values
leads to small, almost constant, weights aij as a function of the
intervehicle distance, which results in a Cucker–Smale model that is
extremely slow to converge. This means that the usage of the control
law (5) with these configuration values effectively cancels the
relative accelerations f�xB; vB� � f�x; v� but slightly affects the
initial relative velocity, which results in a constant increase of the
relative positions x � xB (�3 � 105 m after 230 days).

Instead, for largeK and� values and small � values (and as long as
the convergence is guaranteed), the optimal �tm may tend to zero.
The alternative of using a fixed�tm larger than zero may disrupt the
performances of the algorithm, as can be observed in Figs. 2 and A1.
The application of a discrete maneuver for too long may result in
excessive thrusting that would lead to an intervehicle separation
larger than the initial separation. For the largest values ofK and�, the
maximum separation after 230 days is even larger than 108 m, which
is themaximum separation among satellites after the 230 days of free
flight. According to this, the total �v associated with the control is
exaggeratedly large.

When testing the � parameter, the large baselineK value does not
let the algorithm reach relative velocities close to 0, which in turn
minimizes the effect of a small � value in the denominator of the
weights in Eq. (2) (see Fig. A2). However, for smaller K and �
values, some instabilities could be expected when the intervehicle
distances are small compared with the � value. This result highlights
the dependence of the optimum value of a parameter on the value of
the other parameters.

An interesting result is that the configuration values that result in
the lowest intervehicle variation are also those that require less fuel
expenditure, because the terms�x,�v, and f�xB; vB� � f�x; v� are

lower during most of the transfer orbit. For the case of the Darwin
transfer orbit, the individual optimum values for �, K, and � have
been found to be around 0.4, 0.01, and less than�10�8, respectively.

2) The dependence of the two metrics on the initial intervehicle
distance is linear (see Fig. A3), consistent with simulation results
obtained by other authors for the relative dynamics between two
spacecraft in space [12].

3) As could be expected from the definition of the ZRRAC,
changes in the initial relative directions within the corresponding
ZRRAC, or � parameter, have a small and periodic effect on the
performance of both controls. The maximum variation of the
intervehicle distances ranges between 1–3 m, and the total �v is
�0:016 m=s for the C–S control (see Fig. A4).

On the other hand, changes in the angle with respect to the axis of
the ZRRAC, or � parameter, have a slightly larger impact on the two
metrics, because this angle will range from the maximum relative
radial acceleration direction to the minimum. In these simulations,
the maximum variation of the intervehicle distances ranges from 2 to
22 m, and the total �v ranges from �0:011 and �0:022 m=s (see
Fig. A5).
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4) Regarding the impact of the initial relative velocities under the
baseline configuration, the C–S algorithm is fast enough to cancel the
relative velocities before the relative distances increase significantly,
as long as k�v0k < 10�6% of the absolute velocity of the centroid,
vB�0�. For these cases, the cost of the C–S control ismainly due to the
cancellation of the relative accelerations: that is,Z

udt�
Z

f�xB; vB� � f�x; v��dt�O�10�2� m=s

For initial relative velocities between 10�6 and 10�4%, the relative
distances have already increased before the algorithm converges;
however, the total �v remains almost constant. For larger initial
relative velocities, the relative distance increases so fast as a function
of time that it becomes more expensive in terms of�v to cancel the
relative dynamics (see Fig. A6).

5) We used parameters Tt, N, and Tm to define an experimental
configuration because they are easy to understand and are common in
the literature. However, the maximum time between consecutive
maneuvers, �tm �max�Tm=N; Tt � Tm�, is a better parameter for
the evaluation of the performance of the Cucker–Smale model. We
found that the maximum separation and the total �v of the C–S
model critically depends on�tm. When the frequency of maneuvers
is higher, Eq. (11) is more accurate and the maximum variation of
intervehicle distances and total�v are lower.Using�tm � 1h seems

to have a negligible impact on the total�v (see Figs. 3, A7, and A8).
Thus, a high frequency of maneuvers may reduce the maximum
variation of the intervehicle distance without increasing the cost of
the maneuvers, or total �v.

Relative navigation information (i.e., relative positions and
relative velocities) needs to be available to each spacecraft, at least at
the same frequency as the maneuver’s frequency. Fortunately, the
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Fig. A10 Same as in Fig. 2, except for parameter umin.
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Table A1 Values of the configuration parameters

K � � di, m �, deg �, deg �k�v0k=vB� 	 100, % Tt, h N Tm, h NavSeta umin, m=s2 umax, m=s2

Cucker–Smale configuration parameter K
6:7 � 
10�10–0:1� 0.3 6:7 � 10�10 103 0 35.23 10�3 2 10 2

p
0 1

Cucker–Smale configuration parameter �
10�4 0.3 6:7 � 
10�12–10�3� 103 0 35.23 10�3 2 10 2

p
0 1

Spacecraft initial separation di
10�4 0.3 6:7 � 10�10 [500–5000] 0 35.23 0 2 2 2

p
0 1

Angle �
10�4 0.3 6:7 � 10�10 103 [0–300] 35.23 0 2 2 2

p
0 1

Angle �
10�4 0.3 6:7 � 10�10 103 0 [0–360] 0 2 10 2

p
0 1

Relative speed k�v0k
10�4 0.3 6:7 � 10�10 103 0 35.23 
1–10�9� 2 10 2

p
0 1

Tracking time interval Tt
10�4 0.3 6:7 � 10�10 103 0 35.23 0 [2–24] 10 2

p
0 1

Number of maneuvers N
10�4 0.3 6:7 � 10�10 103 0 35.23 0 3 [2–20] 3

p
0 1

Simulations including navigation noise �R (
10�6–103� m)
10�4 0.3 6:7 � 10�10 103 0 35.23 10�3 2 10 2 � 0 1

Lower thruster limitation umin

10�4 0.3 6:7 � 10�10 103 0 35.23 0 2 10 2
p

[
10�10–10�5]

1

Higher thruster limitation umax

10�4 0.3 6:7 � 10�10 103 0 35.23 0 2 10 2
p

0 
10�12–10�2�
aThe symbol

p
indicates that relative positions, velocities, and accelerations are available. The symbol � indicates that only relative positions and velocities are available to the controller. In this case, �R will range from 10�6 to 103.
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availability of this information is deemed to be a reasonable assump-
tion for frequencies larger than minutes.

6) Approximating relative accelerations by the linearized dynam-
ics [Eq. (10)] has a negligible effect on the control performances.
Also, introducing Gaussian noise to represent random errors in the
navigation data set (estimates of relative positions and velocities)
does not seem to have a significant impact as long as �R is not larger
than 1m (see Fig. A9).As an example,�R � 1 m results in a standard
deviation for both metrics lower than�10�3%. This result indicates
that the combined error due to the linearization and the observer noise
has a much lower impact than the error due to the discrete control
update.

7) Experimentation with different values for the thrusters
limitations indicate the range of accelerations required during most
of the transfer orbit and the accelerations required by the C–S
algorithm to provide reasonable performances. According to current
simulations, thrusters should be able to cope with accelerations
ranging from 10�8 to 10�6 m=s2 continuously, which means that
micronewton thrusters or, equivalently, instantaneous impulses from
�10�6 to�10�4 m=s every 12 min may be necessary (see Figs. A10
and A11).

8) The C–S model provides slightly better performances than the
ZRRAC in terms ofmaximum intervehicle separation formost of the
configurations tested. The special benefit of the C–S is that it always
requires several orders of magnitude less fuel expenditure than the
ZRRAC. As an example, the total�v can be reduced to 0.01% of the
cost of the ZRRAC if the maximum time between consecutive
maneuvers is less than 1 h; that is,

maxf�tmg �maxfTm=N; Tt � Tmg< 1h

Although the ZRRAC control law minimizes relative radial
acceleration, these cones are not invariant by the dynamics, and the
total�v for the ZRRAC strategy mostly arise from repositioning the
satellites on these cones. On the other hand, the cost of the C–S
control is mainly due to the cancellation of the relative accelerationsZ

udt�
Z
�f�xB; vB� � f�x; v��dt

when �v0 � 0, which seems to be several orders of magnitude
smaller than the fuel expenditure required to keep spacecraft on these
noninvariant cones (see Figs. 3, A3, A4, A7, and A8).

VI. Conclusions

We extended the Cucker–Smale model for particle system
interaction to control a formation of satellites. Based on the C–S
algorithm, we defined a control model that cancels the relative
dynamics (between satellites) and decreases the initial relative
velocities to zero. We proved the validity of this control model
analytically based on the results of Cucker–Smale convergence
analysis, and we provided sufficient conditions for the formation to
move as a rigid body.

We discussed the conditions for a parallel implementation of this
strategy between all satellites, thus minimizing the communications
requirements of a real mission. If each satellite can estimate its
relative distance, velocity, and acceleration to any other satellite in
the space formation, the control can be completely parallelized.
These are not uncommon conditions for a formation intended to
navigate autonomously.

To finalize the general discussion of the C–S model for flight
formations, we made some additional considerations for the
implementation of the C–Smodel in a realistic environment inwhich
some limitations arise. In this scope, we discussed the observation’s
availability and the limitations due to thrusters constraints (the
unsuitability of using thrusters continuously and the maximum and
minimum limitations of the thrusting system). Thus, we proposed
some approximations to the C–S model and assessed the associated
errors. Experience has revealed that configuration parameters �, K,
and � have a significant impact on the performances of this control
law. The optimum values may depend on the dynamics (f function)
and other control configuration parameters such as the maximum

time between consecutive correction maneuvers. These parameters
can be tuned based on mission requirements and realistic
simulations.

As an application of this control law, we simulated the orbit of the
transfer phase of the Darwinmission and applied the newC–Smodel
to control the formation. In this phase, three satellites are supposed to
take a transfer orbit to leave an Earth orbit and reach a halo orbit
around the libration point L2. Several initial conditions have been
tested to address the dependence of this control on the main
configuration parameters under a realistic scenario. Some of these
results have been also compared with the ZRRAC control model
[12].

The most remarkable conclusions of the tests are summarized as
follows:

1) The performance of the new control law is particularly
sensitive to the values of the configuration parameters K, �,
and � and two mission-specific parameters k�v0k and
�tm �maxfTt � Tm; Tm=Ng. Thus, a global optimum will strongly
depend on the specific mission configuration for which this control
law might be used.

2) The configuration values K, �, and � that minimize the
intervehicle distance variation coincide, at first approximation, with
the values that minimize the total �v.

3) The control strategy is robust against Gaussian errors from the
relative navigation data set (relative positions and velocities).

4) In general, the C–S strategy performs better than ZRRAC in
terms of maximum spacecraft separation. The advantage of the C–S
model over the ZRRAC model is that it always requires several
orders of magnitude less fuel expenditure.

Appendix A: Simulation Results of a Complete Set
of Parameters

We present a comparative analysis of the performances of the
Cucker–Smale and the ZRRAC control laws for the Darwin mission
under different configurations. Each set of simulations contains an
assessment of the control law performances with respect to each of
the parameters described in Sec. IV.B. The simulations presented
include the Cucker–Smale configuration parameter K and �, the
spacecraft initial separation di, the angle �, the angle �, the relative
speed k�v0k, the tracking time interval Tt, the number of maneuvers
N, the navigation noise level �R, the lower thruster limitation umin,
and the higher thruster limitation umax.

Table A1 summarizes the scenario of each specific simulation
under consideration. Figs. A1–A11 show the maximum variation of
the intervehicle distance and the total cost required to apply the
Cucker–Smale algorithm and the ZRRAC control, the latter when
applicable, for all possible scenarios and parameter values. Results
are presented in Sec. V.

The set of simulations involving the navigation noise �R depends
on the random variable w, which simulates random errors in the
navigation system. We ran 100 simulations for each configuration
and computed the mean and standard deviation of the results, which
are shown in Fig. A9. For each noise level, the square symbol
represents the mean value and the error bar represents the one
standard deviation. For �R � 1 m or smaller, the error bars are
smaller than the symbol and thus are not visible.
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